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The plane problem of a longitudinal crack loaded by a uniform pressure at its sides and symmetrically positioned in a prestressed
thin layer with free boundaries is considered. The layer is prestressed in its plane by uniform forces applied at infinity. If is assumed
that the material of a layer is described by an harmonic-type elastic potential. The additional stresses caused by the presence of
the crack in the layer are considered to be small compared with the stresses of the main non-linear stress-strain state of the
layer. This makes it possible to linearize the problem of determining the additional stresses on a background of the main stressed
state. Such a linearized problem reduces to an integral equation of the first kind with a singular kernel with respect to a derivative
of the function describing the crack opening. Asymptotic solutions of the integral equation for small values of the dimensionless
parameter characterizing the layer thickness, are constructed for different values of the dimensionless parameter characterizing
the prestressing of the layer. Examples are given.

Similar problems concerning cracks in prestressed bodies were examined earlier (see, for example, [1, 2]). The problem is
studied here for the first time. © 2005 Elsevier Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM AND INITIAL RELATIONS

Consider an infinite elastic layer with an harmonic-type potential. In the initial state the layer is under
conditions of a uniform field of normal stresses in its plane. There are no initial normal or shear stresses
on areas parallel to the layer boundaries. With these assumptions, the displacements and stresses in
the initial state are given by the formulae [3]

(- Dx; = M- DAy, o) = 2uh; (A -1y)
const, j=1,2,3; AMA +A,+A;-3) = =2n(Ah,-1)
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J

(1.1)

i

where x; are Lagrangian coordinates, y; are the Cartesian coordinates of the initial state, A and p are
constants of elasticity, and A, are the coefﬁc1ents of extension along the x; axes — they are always positive.
The region occupied by the layer in the initial state is defined by the conditions

i <o [y Shy ] <o
Suppose there is a crack in the middle plane of the layer that in the initial state occupies the region
|}’1\ ga, y, =0, ’)’31 <ee

A uniform pressure ¢ is applied to the sides of the crack, and the layer boundaries y, = *h are
load-free. We will assume that the disturbances of the initial stress field by the load g are small. In this
case, the problem of determining the initial stresses and displacements can be linearized on the
background of the main non-linear stress—strain state (1.1). Here, additional displacements u; and u,
of points of the layer, caused by the load g, satisfy the following equilibrium equations describing plane
strain [3]
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while the additional stresses 6,; and o, are related to the additional displacements by the relations [3]

2u (Ou; Ou, _n i‘ﬁ du,
O A’ (1 +a)(ay2 )’ Gy = 7»30.(&'38}11 +(B+2)a—y2) (13)

(similar formulae for the additional stresses 61, and oy, are not required henceforth).

2. REDUCTION OF THE PROBLEM TO AN INTEGRAL EQUATION

We will first consider an auxiliary problem with the following boundary conditions
Y2 = hiGy =065 =0
ou, .
y, = 0: 0, =0, a—y—, = ¥Y'(y) (2.1
il<a: () =Y |y >a¥0) =0
To investigate it we will seek the sotution of Eqs (1.2) in the form [3]

K 3 b3
U = Uy = 1 bjo—+—=— 2.2)
Loy ( l a)’l aa)’:z]x

Here, the first equation of (1.2) is satisfied identically, and the second leads to the following equation
for the functions 7 [3]

2 2\2
(a28_+_@_ x=0 (2.3)
a)ﬁ a)’z

Below, the function y will be sought in the form of a Fourier integral

YYI

Substituting expression (2.4) into Eq. (2.3), we obtain for the Fourier transform X(y, y,), after solving
an ordinary differential equation, the expression

[y,

e [C3() + Co(Y)olyly,le (2.5)

X = [C(y) + Cy(Dalyly,le

Now, to determine the quantities C/(y) (I = 1, 2, 3, 4), we will represent the discontinuous function
¥ (y1) of the form (2.1) as a Fourier integral

YO = 5 j r(pe 'd (2:6)
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and, using formulae (1.3), (2.2) and (2.4), rewrite boundary conditions (2.1) in terms of Fourier
transforms. As a result, taking into account formula (2.5), we arrive at a system of four algebraic
equations in the quantities C;(y). Solving this system, we find, in particular,

oo 2 2,2 2.2
_ i 2(sh™ahy — o h"y"G") -ty
022(y,0) = —5 .[ I sh20hy + 20m(G !

2.7
_ Boa-1)p+4a-2 G = (a+1)p+2

0 rLaB+2) T GBoa-1DB+40-2

The quantity 8 will be called the contact stiffness.

Figure 1 shows 0As/u and G as a function of o for § = 2. It can be seen that, at a certain value
o = 0 < 1 (in the present case o, = 2/5), the value of OA;/u vanishes, while the quantity G goes to
infinity. Below it will be assumed that o0 > ot,.

We will now consider the main problem. Its boundary conditions differ from the boundary conditions
of auxiliary problem (2.1) only in the fourth condition, which now has the form

ou,
¥2=0, y|<aioy =-q; y, =0, |y|>a 3, 0 (2.8)
t

where ¢ is the uniform pressure acting on the sides of the crack.
Transforming relation (2.6), we obtain

T(y) = [y(&)e™dt 29

Substituting expression (2.9) into relation (2.7) and then equating (2.7), when |y;| < a according to
the first condition of (2.8), to the quantity —q, we arrive at the following integral equation in the function

Y (¥

J.Y'(&)K(&;_Iyl)d& = nqu, |yi|<a, H = ah

, (2.10)
2(sh’u - u’G?)

K = L i R =
(2) J(u)smuzdu L(u) T 20
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Note that for the function L(u) the following asymptotic relations hold

L) = 1+0(e"), (u—> )

1-2G 3 5 (2.11)
L = (1- -
() = (1-Gu 3(1+G)u +0W) (u—=>0)
Below, we will use the integrals [4]
o .
Jsmuzdu = = jcosuzdu = 18(2) (2.12)
0 0

where 8(z) is the data function. By virtue of the first relation of (2.11) and the first integral of (2.12),
it follows that integral equation (2.10) is singular.

If G = 1 (this will be so when o = 1) and A5 = 1, then, by virtue of the final formula of (1.1),
M = Ay = 1. In this case, integral equation (2.10) becomes the integral equation of the problem of a
crack in a non-prestressed layer with free boundaries. This problem was considered earlier [5]. Note
also that in this particular case, by virtue of the second formula of (2.7),

0=2utth o B @.13)

A+2u 1

where U is the shear modulus and v is Poisson’s ratio.

3. THE DEGENERATE SOLUTION OF INTEGRAL EQUATION (2.10)
AT o #1

Note that y'(y,) is an odd function. We integrate integral equation (2.10) once with respect to y;. We
will have

jmwf M = Zav,, Iyl <a 6

M(z) = f@cosuzdu (3.2)
0

It can be shown that integral equations (2.10) and (3.1) are equivalent, and their common solution
has the form [6]

o(y,)

[2 2
a -y
where o(y;) is at least a continuous function.

It is well known [6] that the degenerate solution of integral equation (3.1) for low values of the
parameter € = H/a will be determined if, in the kernel M(z) of the form (3.2), the function L(u) is
replaced by the first term of its zero expansion. On the strength of this, according to the second formula
of (2.11), and taking into account the second integral of (2.12), we will find

Y = (3.3)

M(z) ~ (1 - G)nd(z) (3.4)

Substituting this expression into integral equation (3.1) and evaluating the integral using the well-known
property of the delta function, we arrive at the following expression for the degenerate solution

qy,

Yy =

It has no characteristic root singularity at the pointx = =4, as required by the form of (3.3), and therefore
it is said to be degenerate.
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Integrating equality (3.5) with respect to y; and using the condition of the crack closure

Y(xa) = 0 (3.6)
we finally obtain
2 2
_ qla —yy)
Yy = 30 -G)He (3.7)

Analysing formula (3.7), we see that, when G > 1 (o < 1), the crack opening is negative. Physically
this means that, for values o, < o < 1, the crack does not open. Below, we will examine the case when
a=1.

From formula (3.7) it can be seen that, in the crack region, at very small values of the parameter ¢,
when we can confine ourselves to the degenerate solution, the layer is deformed in the same way as a
membrane with restrained edges y; = *a.

4. A BOUNDARY-LAYER TYPE SOLUTION OF EQUATION (2.10)
WHEN o > 1

We will construct a boundary-layer type solution for small values of parameter € in the neighbourhood
of the points y; = %a. For this, in integral equation (3.1) we will replace the variables according to the
formulae

aty, aték
= H R T = H (4.1)
we will introduce the notation
0:(T) =Y (ExTHFa) (4.2)

and we will let € tend to zero in the upper limits of variation of T and ¢. As a result we arrive at the
following integral equation in the functions ¢..(¢)

Josoma-ndr = -Zxitiza) ©0<icw) (4.3)
0

Solutions of integral equation (4.3) can be found by the Wiener—Hopf method [7].
To construct solutions in analytical form, we will approximate the function L(u) by the expression

14A/142+A2

2 2
u +B

L(u) = (A>0,B>0) (4.4)
and we will examine an integral equation of type (4.3) with kernel

oo

My (z) = j

0

L*(”)
u

cosuzdu (4.5)

from which we find @ (7).
It is well known [6] that, with this approach, the relative error

sup,|@.(1) — 9F (1)]|0x ()] (4.6)
will not exceed the relative error

sup, |L (1) - Ly ()| |L(w)|™ (4.7)
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and will have a smaller value the more accurately the function L .(#) approaches the function L(u) for
small values of u. Note that the function L .(u) tends to unity as u — o, as required by the first relation
of (2.11), and, to minimize the error of the solutions @Z(¢), we will select approximation constants (4.4)
so that, for L.(x), the second relation of (2.11) is satisfied. This will be so if

2 2
A 24°-B° _ 1-2G
7 Tap 46 (48)
We will introduce into consideration the Laplace—Carson originals of the functions
1
a(p) = —, k=-2,-1,0,1,2,3 4.9
O e a )
We have [§]
-At At -At
Ae € €
b ,(t) = - - +C, b,(t) = —=
: Jue o 2t ’ Jnt
-Ar
bo(t) = erf(J/A) by (1) = erf(Jth)(t_L)+ te
/A /A A A (4.10)
eff(JAD(2 ¢ 3\, e (3
by(t) = —F=|t — <+ — |+ —F=|t-57%
2J/A A 44Y 24w\ 24
At
erf(JXt)(s 32 9 15) te (2 2 15)
by(t) = /==t -t + —t—-— |+ -S4 =
(0= e U 24 T e Teadm AL

where C is an infinite constant and erf(x) is the probability integral (all the formulae in (4.10) will be
used in their entirety in Section 6). Now, as a result of using the Wiener—Hopf technique (we omit the
details), we will obtain

O3 (1) = —pla[+ HO\(1) F agy(1)]

2

B
ou(t) = —%b-l(m—ﬁbo(t) (4.11)
0,(1) = B-24, l(t)+i2—b0(t)+§—2-bl(t)
2A3/2 B 2A3/2 «/Z

It is easy to show that boundary-layer type solution (4.11) automatically increases exponentially with
the degenerate solution (3.5). On the strength of this, the main term of the asymptotic form of the solution
of integral equation (2.10) for low values of the parameter € can be represented approximately in the
form

Ty = (pi‘(a—t,;y-l) + qﬂ‘(a ;y') +q _q(y;‘) 5 (4.12)

Note that relation (4.12) already has the form of (3.2).
We will find the normal stress intensity factor at the crack tip (on its continuation) by means of formula
(3.5) of [9]

N = -lim0Y'(y,)Ja-y, (y,—a) (4.13)
On the basis of relations (4.11) and (4.12) we have
N 1

—_— -B+2A 2BA 4.14
ga 2A«/1tAe[( radjet ] @19
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5. THE DEGENERATE SOLUTION OF INTEGRAL EQUATION (2.10)
WHEN o = 1

When o = 1 we have G = 1, and the behaviour of the function L(x) as u — 0 changes qualitatively.
Unlike the second formula of (2.11), we find

L(w) = éu3-3—10,45+0(u7) (4= 0) (5.1)

We integrate integral equation (2.10) three times with respect to y; and obtain

f v'(&)N(g;,y e = @i+ D). [y <a

- (5.2)
N(z) = Ié%tlcosuzdu
o U

where D, is still an arbitrary constant.
Integral equation (5.2) is equivalent to integral equation (2.10). Its general solution is given by the
formula [10, 11]

Q(yy)
2 2,32
a -yy)

Yy = 5.3

where the function Q(y;) has at least a continuous first derivative. Note that the equivalence of these
integral equations will be restored, and the structure of (5.3) will change to the structure of (3.2) if
Q(=*a) = 0. This can be achieved by an appropriate choice of the constant D, which will be done in
Section 6.

As above, the degenerate solution of integral equation (5.2) for small values of parameter ¢ will
be determined if in the kernel N(z) of type (5.2) the function L(u) is replaced by the first term of
its expansion (5.1). By virtue of the above, and taking into account the second formula of (2.12), we
obtain

N(z) ~ ©8(2)/6 (5.4)

Substituting expression (5.4) into integral equation (5.2) and evaluating the integral, we arrive at the
following expression for the degenerate solution

1 3
Y (y1) = —=(qy; + Dyy)) 5.5
1 H3e 1 *J1 ( )

As might have been expected, it does not possess the structure of (5.3).
In Section 6 it will be shown that for D, for small values of €, the asymptotic formula

D, = —qa’[1 + 0(¢)] (5.6)

holds.
Substituting expression (5.6) into equality (5.5), neglecting the term O(g) and integrating with respect
to y;, taking into account the condition of the crack closure (3.6), we obtain

YO = ;3e(a2—yf>2 (5.7)

From formula (5.7) it can be seen that, in the crack region, for very small values of the parameter €,
when it is possible to confine ourselves to the degenerate solution, the layer is deformed in the same
way as a Kirchhoff-Love plate with clamped edges y; = *a.
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6. BOUNDARY-LAYER TYPE SOLUTION OF EQUATION (2.10)
WHEN o =1

As above, in integral equation (5.2) we will make the replacement of variables (4.1), we will introduce
the notation (4.2) and we will let € tend zero in the upper limits of the ranges of variation of T and ¢.
As a result, we will arrive at the following integral equation

fouoNG-ndt = —T-[q(ttHFa) + Dy(:tH T a)] (0<t<oo) (6.1)
. 6H'0

The solutions of integral equation (6.1) can again be found by the Wiener~Hopf method [7].
To construct solutions in analytical form, we will approximate the function L(x) by the expression

3 2 2
WAu 4 450,B>0) (6.2)

(i’ + B

Ly(u) =

and consider an integral equation of type (6.1) with kernel

o0

N,(z) = jL*gu)cosuzdu (63)

0 u

from which we find @Z(?).

Note that the function L.(«) tends to unity as u — oo, as required by the first relation of (2.11), and
we will select the approximation constants (6.2) such that for L..(«) relation (5.1) is satisfied. This will
be so if

A_l 4B _ 1
B* 6 2p%4 30 ©4)
We will introduce the notation
X = B/A
and, using the Wiener—Hopf technique [7], we will obtain
, |
020 = —lql H'0y(1) ¥ 3H a0,() £ 3Ha"9,(0 ¥ a’9o()] + Dy [£ 0,(1) F agy()] }
' 2 3 4
B 2B B
1) = —=b_,(1)+ —=b_ (1) + —=by(1)
(‘PO() ,\/Z 2 ) ,\/Z 1 ,\/Z 0
2 4 4
B 1 B B B
t) = ———(—2——1c)b_ (O +—=(=3+x)b_{(t) + —=by(t) + —=b (1)
(Pl( »\//_‘ 2 2 ,\/Z 1 2A3/2 o\eJ JZ 1
, .
1 3.2 B 3
(Pz(t) = ﬁ(Z -2K + ZK )b_z(t) + ;{ﬁ(_ 3+ iK)b_l(t) + (65)
2 4 4
B 32 B 2B
+ _ﬁ(_ 44 3x )bo(t) #2550+ s ()
_ (3 9,150 L 22, 155
@3(1) = F(3—2K+ 3 K )b_z(t)+ﬁ(6 /4 K + 7 K )b_l(t)+
B 6+ 15 B 1 9%’)b 38, 6B4b
+AT,2(- +15x7) o(t)+'J—Z(~ +9%7) l(t)+AT,2 2(t)+7z— 3(#)

It can be shown that here a solution of the boundary-layer type (6.5) also increases automatically
together with degenerate solution (5.5), but by a power law. On the strength of this, the main term of
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the asymptotic form of the solution of integral equation (2.10), for small values of the parameter ¢, can
be represented approximately in the form

, a+y a-y 1
Y(YI)z(Pf(_‘ﬁ‘l)‘HP:k( 7} l)—;;—e-(qy?+l)*y,) (6.6)

Note that expression (6.6) has the form of formula (5.3). However, it is necessary for expression (6.6)
to have the for of (3.2), and for this it is necessary in (6.5) to equate the coefficient of b_y(¢) to zero.
As a result of this, for D, we obtain the expression

qazpl (&)

* = ARG )

Pi(€) = (=24 +36K—15k7)e’ + (48 — 48 + 18k°)e” +
+ BA(48 + 12K)€+832A, po(€) = (4+x)e+2B

It can be seen that the expansion of D.. in powers of € leads to asymptotic formula (5.6).
The normal stress intensity factor at the crack tip can be obtained from formula (4.13). On the basis
of formulae (6.5)-(6.7) we have

N Pi(€)

q—«/c_l ) 12ep,(e) JTAE (6.8)

p(€) = (48 =24k + 12k” - 24x” + 15k)e’ +

+B(96 - 48k + 42k° ~ 18K")e” + B*(48 — 12x)e + B*(8 + 16K)

7. EXAMPLES

Let B = 2. We will consider the cases when 0. = 2 (G = 1/2) and o = 1 (G = 1).

For approximation (4.4), using formulae (4.8), we obtain A = 1 and B = V2, and the error of the
approximation will be 11%.

For approximation (6.2), using formulae (6.4), we obtain 4 = 0.855878 and B = 1.505361, and the
error of the approximation will be 26%.

Figure 2 shows curves of N/(qVa ) as a function of €, calculated by means of formula (4.14) (o = 2)
and by means of formula (6.8) (o = 1).

20
N/(qAa)
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The fracture criteria for prestressed bodies, using the normal stress intensity factor N at the crack

tip, were given previously in [1].

CONCLUSIONS

From a comparison of curves 1 and 2 in Fig. 2 it can be concluded that the value of the parameter «,
characterizing the prestressing of the layer, has a considerable effect on the magnitude of N.

This research was supported financially by the Russian Foundation for Basic Research (02-01-00346)
and by the “Universities of Russia” programme of the Ministry of Education (UR.04.03.060).
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